By developing an algorithm for evaluating the basis states for the composite fermions with negative effective magnetic field, we perform the composite-fermion-diagonalization study for the fully spin-polarized fractional quantum Hall states at the filling factors ν = 3/10, 4/13, and 5/17 in the range 2/7 < ν < 1/3. These observed states correspond to partially filled second effective Landau level, for the composite fermions carrying four vortices, with filling factorν = 1/2, 1/3, and 2/3 respectively, analogous to the previously studied states of composite fermions with two attached vortices in the range 1/3 < ν < 2/5. We show that the character of these states in the range 2/7 < ν < 1/3 replicates the same in the range 1/3 < ν < 2/5 having identicalν: Chiral p-wave pairing with anti-Pfaffian correlation of composite fermions carrying six quantized vortices produces incompressible state at ν = 3/10; an unconventional interaction between composite fermions, resulting from the suppression of fermion pairs with relative angular momentum three and producing fractional quantum Hall effect of composite fermions in the second effective Landau level with ν = 1/3 and its particle-hole conjugate filling factor 2/3, reproduces incompressible states at 4/13 and 5/17 filling factors. We further estimate the thermodynamic limit of the ground state energies and calculate the lowest energy gap for neutral collective excitations of these states.
I. INTRODUCTION
The fractional quantum Hall effect (FQHE) is a fascinating physical phenomenon observed 1 in high quality two dimensional electron systems due to their highly degenerate quantized band structure in a very strong perpendicular magnetic field. The FQHE occurs in a partially filled Landau level (LL) where Coulomb interaction takes the most important part in describing 2 its physics. The FQHE at most of the filling factors in the lowest LL, is very successfully described 3 as an integer quantum Hall effect (IQHE) 4 of composite fermions (CFs) which are fermionic bound states of electrons and even (2p) number of quantized vortices, denoted by 2p CFs. Due to the Berry phase 5 produced by attached vortices, CFs experience an effective magnetic field B * = B − 2pφ 0 ρ, where φ 0 is the magnetic flux quantum and ρ is the electron density of the system subjected to an external magnetic field B, and occupy some of the effective Landau levels, namely lambda levels (ΛLs), formed by B * . A complete filling of n such ΛLs by non-interacting CFs successfully describes the FQHE states observed at the filling factors ν = n/(2pn ± 1) as the IQHE of CFs 3 . Possibilities of FQHE of CFs in a partially filled ΛL arise when the interaction between CFs is taken into account.
The observation [6] [7] [8] [9] of FQHE at certain filling factors in the range 1/3 < ν < 2/5 suggests the role of the interaction between 2 CFs in the partially filled second ΛL. Subsequently, the mechanisms 10-12 responsible for occurring FQHE of these 2 CFs at certain filling factors and thereby producing incompressible states for the observed filling factors have been suggested. Any filling factor within this range may be described by the effective filling factor ν * of 2 CFs, as ν = ν * /(2ν * + 1), with ν * = 1+ν (0 <ν < 1) representing partially filled second ΛL with filling factorν on top of the completely filled lowest ΛL. Mukherjee et al. 10, 11 have shown that incompressible FQHE states with full and partial spin polarizations can arise at ν = 3/8, when the 2 CFs, atν = 1/2, capture two more vortices to turn into 4 CFs and form a chiral p-wave anti-Pfaffian pairing. Recall that anti-Pfaffian pairing correlation [13] [14] [15] is degenerate with its particlehole conjugate partner, namely Pfaffian pairing, 16 for any two-body interaction. Therefore, three or higher body interaction of 2 CFs in the half filled ΛL are responsible for breaking the degeneracy. Whereas an unusual interaction between the 2 CFs, supporting Wójs, Yi, and Quinn (WYQ) 17 mechanism of an unconventional suppression of CF pairs with relative angular momentum three, at ν = 1/3 and 2/3, creates 12 fully polarized incompressible states at ν = 4/11 and 5/13, respectively. Minima in the longitudinal resistance, albeit lack of the signature of Hall plateaus, observed by Pan. et al. 6 a decade ago, have also indicated the existence of very weak FQHE states at 3/10, 4/13 and 5/17 filling factors in the lowest LL. Later, a resonant inelastic light scattering experiment 18 has supported the emergence of higher order FQHE states in the corresponding filling range 2/7 < ν < 1/3. These filling factors are described in terms of partially filled ΛLs produced by negative effective magnetic field experienced by 4 CFs as ν = ν * 4ν * −1 with ν * = 1 +ν. The FQHE at ν = 3/10, 4/13, and 5/17 may be described by the FQHE of 4 CFs with a negative effective magnetic field atν = 1/2, 1/3, and 2/3 respectively, a la, FQHE of 2 CFs with positive effective magnetic field atν = 1/2, 1/3, and 2/3 describes 11, 12 FQHE at ν = 3/8, 4/11, and 5/13. One may thus expect that the mechanisms responsible for FQHE in the range 1/3 < ν < 2/5 will be the same for FQHE in the range 2/7 < ν < 1/3 having sameν. This expectation is however not yet theoretically met, primarily because of the technical difficulties regarding FQHE states with arXiv:1510.03555v2 [cond-mat.mes-hall] 11 Dec 2015 negative effective magnetic field for 4 CFs. In this paper, we have examined the possibility of forming incompressible FQHE states along with their mechanisms at these filling factors.
We have modified previous algorithm 19 for determining the projected basis states to an extent that we remove the issue of precision relating to very small values of certain variables. This has helped us to construct the fully spin polarized low energy CF basis states at the lowest LL filling factors ν = 3/10, 4/13, and 5/17, where each of the electrons captures four quantized vortices to turn into a 4 CF and experiences a negative effective magnetic field which in turn produces ν * = 3/2, 4/3 and 5/3 respectively. Then, by the method of diagonalization of full Coulomb Hamiltonian in these truncated low energy CF basis, known as composite fermion diagonalization (CFD) 20 , we show that the incompressible FQHE states should occur at all these three filling factors with appropriate correlations between CFs in their second ΛL. We further estimate the interaction energy of the ground states in the thermodynamic limit, and minimum energy gaps for neutral excitations from the CFD spectra.
The rest of the paper is organized as follows. In Sec. II, we show the general construction of the relationship between number of flux quanta and number of particles for fully spin polarized states of 4 CFs experiencing a negative B * in the range of filling factors 2/7 < ν < 1/3. The CFD technique 20 used for the calculation of low-lying spectra is reviewed in Sec. III. Origin of the appropriate correlations and occurrence of incompressibility at ν = 3/10 are described in Sec. IV, while Sec. V contains the similar descriptions for ν = 4/13 and 5/17. We then estimate the thermodynamic limit of the ground state energy and minimum energy gap for neutral excitation at these filling factors in Sec. VI and summarize our results in Sec. VII. Appendix A is devoted for reviewing Jain-Kamilla 21 and Davenport-Simon 19 algorithms and the description of a modified algorithm developed by us for studying FQHE states with negative effective magnetic fields. In Appendix B, we estimate thermodynamic limit of the interaction energy for the previously proposed parafermionic wave function [22] [23] [24] at ν = 5/17 and find that this energy is reasonably higher than our calculated energy using CFD technique.
II. FLUX-PARTICLE RELATIONS
When B < 4φ 0 ρ, the effective magnetic field for the 4 CFs becomes negative, i.e., B * < 0. In that case, the electronic filling factors are related with the CF filling factors ν * as
When ν * = 1 +ν with 0 <ν < 1 being the filling of the second ΛL, we get the desired filling factor in the range 2/7 < ν < 1/3. A complete filling of the lowest ΛL along with a partial occupation of second ΛL atν = 1/2, 1/3, and 2/3 form fully spin polarized states at ν = 3/10, 4/13, and 5/17, respectively.
In a spherical geometry 25 , N electrons moving on the surface of a sphere experience a radial magnetic field generated by a magnetic monopole of strength Q placed at the center of that sphere. An integer number of flux quanta denoted by 2Q pass through the surface of the sphere and the 4 CFs experience an effective negative flux 2q = 2Q − 4(N − 1) in units of magnetic flux quantum. The total number of single particle states in the lowest and the second ΛL are 2|q| + 1 and 2(|q| + 1) + 1, respectively. The fractional fillingν of the second ΛL withN CFs is related to the effective flux 2q as 2|q| =ν
where the "flux-shift" parameter λ determines topology of the fractional quantum Hall state of 4 CFs at the filling factorν. The total number of particles is then N = N + (2|q| + 1). The flux-particle relation for the filling factor ν = lim N →∞ N 2Q in the range 2/7 < ν < 1/3 becomes
We will consider different sets of (N, 2Q) belonging to several finite size systems at certain filling factors, namely, 3/10, 4/13, and 5/17 with specific values of λ.
III. DIAGONALIZATION IN LOW ENERGY CF BASIS
Exact diagonalization of the Coulomb Hamiltonian is the most accurate way to study the finite size systems, but the exponential increase of Hilbert space dimension restricts us to use this technique for higher number of particles. We thus use the CFD technique which can deal with much larger systems as it works in a much smaller subspace. This method has already been proven 11, 12 to be the next best candidate for calculating energy with considerable accuracy in the neighboring filling factor range 1/3 < ν < 2/5.
In the CFD 20 , the diagonalization is performed in a truncated low energy composite fermion basis which ignores the ΛL mixing by neglecting all the configurations involving promotion of CFs into higher ΛLs. This restriction helps us to work within a reduced subspace of exponentially smaller dimension than that of the Hilbert space of the lowest LL. As an illustration, we tabulate exact dimension of the Hilbert space for some of the systems described by (N, 2Q) at the filling factors 3/10, 4/13, and 5/17 in the Table I at various angular momenta, and the reduced dimensions of these systems in the Table II. We first perform exact diagonalization for a system of particles and fluxes (N , 2|q| + 2) in the lowest LL to know the combinations of the basis states, which provide definite angular momenta. We then construct states at ν * , by elevating these basis states into the second LL on top of the fully filled lowest LL. The angular momenta of the latter type of states will be the same as that of the former type of states since the lowest LL is fully filled. There will be several states denoted by Φ L,α ν * (α's labeling different states with a particular angular momentum), corresponding to each angular momentum, L, as shown in Table II . We then composite fermionize (as 4 CFs) these states with the Jastrow factor J 4 where
with u j ≡ cos(θ j /2) exp(−iφ j /2) and v j ≡ sin(θ j /2) exp(iφ j /2) being two spinor variables for fermions with angular coordinates θ j and φ j . Finally, we construct the state Ψ
by projecting onto the lowest LL represented by the operator P LLL .
All the Φ's in Eq. (5) are antisymmetric many body states, which can be obtained from Slater determinants consisting of monopole harmonics 26 of the form
where l = 0, 1, ... stands for the ΛL index, m = −|q| − l, −|q| − l + 1, ...., |q| + l labels the degenerate states of lth ΛL, and the normalization coefficient N |q|lm is given by
We develop an efficient algorithm, described in the appendix, for numerical calculation of these many body states Ψ L,α ν for relatively large finite size systems studied by CFD. Though the invariance of total orbital angular momentum gives us the low energy correlated many body basis states Ψ L,α ν at different L sectors independently, the basis looses its orthogonality. We follow the Gram-Schmidt procedure to obtain an orthogonal basis and then generate the full Coulomb Hamiltonian matrix in this reduced basis by Metropolis Monte Carlo technique. Performing 10 Monte Carlo runs for each system with 10
7 Monte Carlo iterations in each run, we reduce the statistical uncertainty to a desired level. Finally, we diagonalize this matrix in each L sector separately to get the low-lying energy eigen spectrum as well as eigenfunctions at any given filling factor. 16 , and its particle-hole conjugated partner, the anti-Pfaffian [13] [14] [15] . Pairing of CFs in the second ΛL has already been predicted 11 for a possible incom- pressible FQHE state at fully spin polarized lowest LL filling 3/8. Here, we show that an incompressible state is also very likely to occur at another fully polarized even denominator filling factor ν = 3/10 due to the chiral p-wave pairing of CFs in the second ΛL formed by negative effective magnetic flux. We find that the incompressibility arises at 3/10 due to the following physical mechanism: the electrons capture four vortices to turn into 4 CFs which experience a negative effective magnetic field that forms a half filled second ΛL on top of a completely filled lowest ΛL;
4 CFs capture two more vortices to turn into 6 CFs which open the gap by forming a BCS like pairing in the second ΛL; this pairing gap manifests incompressibility at the filling factor ν = 3/10.
The above pairing mechanism suggests a flux shift λ = 3 for Pfaffian (Pf) type and λ = -1 for anti-Pfaffian (APf) type of pairing, referred as "Pf shift" and "APf shift" respectively. We calculate the energy eigenvalues at different angular momentum sectors for several system sizes considering both types of shifts. For the smallest systems (N = 6 at APf shift and N = 8 at Pf shift), we calculate the full energy spectra by exact diagonalization of Coulomb Hamiltonian and compare it with the lowlying spectra obtained from CFD as shown in Fig.1 . The very small deviations (∼ 0.05 %) of CFD energies from exact ones indicate that CFD is a very reliable technique for obtaining low-lying spectra at 3/10 filling. We thus calculate the energy spectra for larger systems using CFD which allows us to calculate up to N = 24 at APf shift and N = 20 at Pf shift.
A non-degenerate ground state at L = 0, separated from all other states by a finite energy gap is identified 21, 32 as an incompressible state in spherical geometry. The CFD produces a ground state at L = 0 for all the (N, 2Q) values at APf shift, but not for all of them (see Fig.1 ) at Pf shift. The low-lying energy spectra disfavor the Pf type of pairing and support APf type of pairing in the second ΛL. Therefore, the incompressible FQHE state at 3/10 filling occurs due to APf-type pairing correlation. 
where
represents Pf or APf wave function at ν * = 3/2 in a negative effective magnetic field. The Pf state in the lowest LL can be obtained as the zero energy ground state of a 3-body interaction Hamiltonian V 3 = P 3 i<j<k (3Q − 3) with 2Q = 2N − 3, where the three body projection operator 33 P 3 i<j<k (L) projects out any cluster of three particles (i, j, k) with total angular momentum L, and the APf state can be obtained by the particle-hole conjugation of Pf state. We construct Φ Pf/APf 3/2 states by completely filling the lowest ΛL and elevating the Pf/APf state to the second ΛL. Table III contains the overlap of Ψ trial−Pf/APf 3 10 with the correspond-ing CFD ground state at L = 0. APf state has higher overlaps (excepting the smallest system) than the Pf for all the systems with same q. These higher overlaps along with the incompressibility for all the available system sizes at APf shift make a strong case that a fully spin polarized incompressible state is possible at ν = 3/10, when the composite fermions experiencing a negative effective magnetic field form APf type of pairing in the half filled second Λ level. The filling factors of 4 CFs, ν * = 1+1/3 and 1+2/3, in a negative effective magnetic field correspond to ν = 4/13 and 5/17 respectively. An "unconventional" 1/3 state and its conjugate 2/3, arising from an unusual correlation of 2 CFs suggested by WYQ 17 in the second ΛL, have already been found to generate incompressible FQHE states at fully spin polarized 4/11 and 5/13 filling factors 12 . We here provide a theoretical evidence that these unconventional FQHEs of 4 CFs in the second ΛL as well produce incompressible states at fully polarized 4/13 and 5/17 fillings of the lowest LL.
With the flux shift λ = 7 for unconventional 1/3 and λ = -2 for unconventional 2/3 state, we calculate the low-lying energy spectra at completely spin polarized ν = 4/13 and 5/17 using CFD technique and show in Fig  2. The smallest systems (N = 8 and 6) for these two filling factors are same as that at 3/10 filling with Pf and APf-shift respectively. Since the CFD spectra match (see Fig.1 ) quite well with the exact ones, it motivates us again to perform CFD for larger system sizes. represent fully polarized unconventional states at ν * = 4/3 and 5/3 respectively. The unconventional WYQ state at 1/3 filling is the ground state of Haldane pseudopotential 25 V 3 that minimizes the occupation of any two particles with relative angular momentum three, and particle-hole conjugation of this state produces unconventional state at 2/3 filling. The overlaps are shown in table IV. Though the minimum overlap achieved is ∼ 81%, not as large as it was in the case 12 of fully polarized 4/11 and 5/13 states, taking together these overlaps and the nature of low-lying energy spectra, we predict that incompressible FQHE states are highly likely to from at fully spin polarized ν = 4/13 and 5/17. These incompressible states originate from an unconventional interaction between CFs and are well characterized by the WYQ correlation. 
VI. GROUND STATE ENERGY AND EXCITATION GAP
For estimating ground state energies per electron for the incompressible FQHE states at ν = 4/13, 5/17, and 3/10 in the thermodynamic limit, we first subtract the background energy N 2 /(2 √ Q) from the corresponding ground state interaction energies for finite systems, followed by the multiplication with the factor 2Qν/N as the density correction and then divide by N before plotting (Fig. (3(a) ) against 1/N . The thermodynamic limit is obtained by extrapolating the fitted lines up to 1/N → 0. These energies are −0.3884(1), −0.3926(1), and −0.3859 (1) 34 in the unit of e 2 / (where is the background dielectric constant and = c/eB is the magnetic length), at ν = 3/10, 4/13 and 5/17, respectively. We also plot the lowest energy gap for neutral excitations at these filling factors in Fig. 3(b) . Though the results show a consistent non-zero gap for all systems, the strong finite size effects restrict us to do a reliable extrapolation of gaps to the thermodynamic limit. Considering the largest studied systems, we predict that the energy scale for the gap is ∼ 0.001e 2 / , in consistence with our recent study 35 of neutral collective modes. This tiny gap (about two orders of magnitude lower than the theoretically calculated gap 21 at neighboring 1/3 state) indicates that the interaction between the CFs in a fractionally filled Λ level is much weaker than that of electrons in the fractionally filled lowest Landau level. 
VII. SUMMARY
The experimental signatures 6, 18 , though feeble, of the presence of FQHE states at ν= 3/10, 4/13, and 5/17 within the range 2/7 < ν < 1/3 indicate the FQHE of 4 CFs arising out of the interaction between them in a partially filled ΛL. Considering a model of interacting 4 CFs in a negative effective magnetic field, we have shown that an incompressible FQHE state is very likely to occur at fully spin polarized ν = 3/10, 4/13 and 5/17 due to unconventional correlations between the composite fermions in partially filled second Λ level. The character of these three states respectively replicate previously studied fully polarized 3/8, 4/11 and 5/13 FQHE states which are formed due to 2 CFs in a positive effective magnetic field. The ground states arise at ν = 3/10 due to an anti-Pfaffian type chiral p-wave pairing of CFs in their half-filled second ΛL after each of them captures two more vortices, and at ν = 4/13 and 5/17 due to WYQ type unconventional correlations between CFs in the par-tially filled second ΛL. The small values of minimum energy gap for neutral excitations suggest that the states are very fragile and thus very high quality samples are necessary to obtain prominent quantum Hall plateaus.
Appendix A: ALGORITHMS FOR THE LOWEST LANDAU LEVEL PROJECTION
In this appendix, we first review Jain-Kamilla 21 and Davenport-Simon 19 algorithms for determining the lowest Landau level projection for the basis states of the composite fermions when the effective magnetic field for the CFs is negative, i.e., opposite to the applied magnetic field. We will then find that neither of these algorithms will be suitable for finding CFD spectra for the states with 4 CFs and negative effective field. We thus next develop an algorithm which enables us to determine the CFD spectra for these states.
These single particle states may be obtained 27 from the following equation:
is the Jastrow factor for jth particle. Because of the order of derivatives in Eq.(A1) grows rapidly with N , the calculation is numerical expensive and it has many other technical problems such as apparent singularity and precision. We discuss below the algorithms and their limitations for determining these basis states.
Jain-Kamilla algorithm
In Jain-Kamilla's LLL projection algorithm, 21 the Jastrow factor is pulled through the derivatives and written as
Since the exponents ofÛ j andV j increase very rapidly with N , their numerical values become huge when two particles come very close during Monte Carlo steps, and thereby rejection of the subsequent moves occurs. In particular, we can not deal with larger number of particles (e.g. N > 18 for ν = 2/7) using this type of projection algorithm.
Davenport-Simon algorithm
Davenport and Simon 19 developed an alternate method which avoids the troublesome denominators with higher exponents of 1/(u j v k − v j u k ) when two particles come close during Monte Carlo. They begin with expanding J i as
where e i t,N −1 represents a symmetric polynomial with degree t in the (N − 1) variables of y j = v j /u j for j = i. Therefore each element of a Slater determinant will have the form
Now the main job is to find an efficient algorithm for determining the polynomials e has been removed in this algorithm, it suffers the numerical issue of precision, particularly for large N , as the value of y r i for large r becomes extremely large when u i → 0. This has been sorted out by calculating the numerical variables in a higher precision. This, however, extremely slows down the numerical calculation. Nonetheless, they were able to find energies for some of the 2 CF states with negative effective fields.
In case of 4 CFs with negative effective field, the form of the projected matrix elements will be
with the summation restricted by the relation
The numerical evaluation of Eq.(A7) also suffers an issue of precision, even after calculating the variables in the higher precision, that tremendously slows down the algorithm. Since we are interested in CFD studies involving the states consisting of large number of Slater determinants and requiring a huge number of Monte Carlo iterations, the algorithm is not sufficient for minimizing the time needed for the calculation. We thus suitably modify this algorithm for our purpose.
Modified algorithm
To get rid of all the denominators in the polynomials e i t,N −1 , we redefine the polynomials as
by absorbing j =i u j displayed in Eqs. (A3) and (A7). Before calculating the modified polynomial f i t , we first construct a collection of (N − 1) number of sets, defined by S u t (1 ≤ t ≤ N − 1) for N -th particle, consisting of u k 's (k = N ) only. The explicit elements of these sets:
are the all possible products of t ∈ [1, 2, · · · , (N − 1)] numbers of u k 's arranged in increasing order of k. As a set S u t contains N −1 C t number of elements, the number of elements in S u t and S u N −1−t will be same. We similarly construct the sets S v t by replacing v k 's in place of u k 's in the sets S u t . In order to obtain the modified polynomials f i t , we store all the elements of S u t and S v t for N -th particle only, along with the information about corresponding particle indices of u k 's and v k 's by associating distinct binary numbers, respectively, present in them.
We readily see from the expressions (A9 and A10) that
are pure functions of u k 's and v k 's, respectively. The other modified polynomials of degree 0 < t < N − 1 contain both u k 's and v k 's (k = N ). They are
where {S 
where L t (u l ) and R t (v l ) are the sum of the terms containing u l and v l respectively. For any specific particle index l, R t (v l ) is obtained by collecting terms containing v l ; the terms can easily be identified with the above mentioned binary numbers. The remaining terms automatically constitute L t (u l ). The functional form of L t (u l ) and R t (v l ) is different for different particles. Using these L t (u l ) and R t (v l ), we can easily calculate the polynomials for any particle as
Therefore, just by calculating the polynomials for N -th particle, we obtain the polynomials for all other particles in a very simple manner. As we have removed the denominators from the polynomial, this algorithm of calculating different polynomials in recursive method does not suffer any issue of precision in evaluating the wave functions. Although this modified algorithm has been used only for 4 CFs with negative effective flux, it is useful for CFs with both negative and positive effective flux because Eq. (A9) is suitable for any kind of CFs. In this appendix, we calculate energy for the previously proposed Z 5 parafermion wave function 24 at the filling factor ν = 5/17. The Read-Rezayi (RR) 22 parafermion wave functions are proposed as a generalization of Pfaffian wave function 16 with clustering of composite bosons in k ≥ 2 clusters. The corresponding wave function for composite bosons with positive effective flux as a trial wave function [22] [23] [24] for the ground state of FQHE at
with the number of clusters k reflecting a state of Z k parafermions, and the number of vortices attached to each composite boson M , is given by
(B2) Here S is an operator that symmetrizes over all possible clustering of N particles into k sets of equal size. Equation (B1) reproduces ν = 5/17, 3/10, and 4/13 for M = 3 and k = 5, 6, and 8 respectively. In spherical geometry, these parafermionic states have a generalized flux-particle relation 2Q = ν −1 N − 5. The general fluxshift 5 for all these states differ from that (3) in our interacting 4 CF model . With increasing value of k, the symmetrization part of the wave function Ψ RR becomes computationally expensive. We thus choose ν = 5/17 only for calculating interaction energy using Monte Carlo method. Figure 4 shows the energy per electron along with the consideration of the background interaction energy and density correction factor 2Qν/N , for N = 5, 10, and 15. We find that the thermodynamic limit of the energy of the state Ψ RR at ν = 5/17 is −0.3829(1) e 2 / which is reasonably higher than the energy obtained in our CFD calculation. Therefore the trial wave function Ψ (10) whose overlap with the CFD ground state is very high ( Table-IV) , should be the representative wave function for the filling factor 5/17.
